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FOREWORD

The Medical Internal Radiation Dose (MIRD) Committee of the Society of Nu-
clear Medicine is charged with the responsibility of providing the nuclear medicine com-
munity with guidance on how to calculate the radiation dose from radionuclides and
with useful information for calculating the radiation dose as well as preparing dose esti-
mates for radiopharmaceuticals.

This pamphlet on kinetics in dosimetry is a first attempt by MIRD to fuse bio-
logical modeling with dosimetry calculations into a common continuous framework.
Some of the concepts presented are new and some are a restatement of well-established
ones. Because the purpose of this pamphlet is to emphasize basic concepts, little effort
is made to develop the topics in detail. As a consequence, they may not be readily under-
stood by some. When finally grasped, however, the concepts will provide a valuable tool
in understanding the importance of kinetics in estimating the radiation dose to a
patient. We anticipate that this is but the first of several pamphlets that will deal with
kinetics in dose calculations. '

As in the past, the MIRD Committee has played an active role in the preparation
and review of this pamphlet. In particular, Drs. R. Loevinger, M. T. Hays, and R. E,
Johnston have reviewed this pamphlet in detail. Dr. Loevinger has also made a number
of valuable suggestions related to material that was incorporated earlier into MIRD
Pamphlet No. I, Revised. But, as always, the Committee welcomes comments.
The Committee would especially appreciate receiving suggestions regarding how to
make the information more useful to the nuclear medicine community.

The work of the MIRD Committee is made possible by the continued encourage-
ment and support of the Society of Nuclear Medicine and the Bureau of Radiological
Health, Foed and Drug Administration, Department of Health, Education, and
Welfare.

ROGER J. CLOUTIER, Chairman
EDWARD M. SMITH; Executive Director
MIRD Committee

This publication is available from the Society of Nu-
clear Medicine for $6.75 per copy including the loose-
leaf binder. Copies are also available without the loose-
leaf binder for $4.50 per copy. Check made payable to
the Society of Nuclear Medicine or a purchase order
must accompany all orders.

MIRD Pamphlets
Society of Nuclear Medicine
475 Park Avenue South
New York, New York 10016




KINETIC MODELS FOR

ABSORBED DOSE CALCULATIONS

Mones Berman

GLOSSARY OF SYMBOLS

dot over symbol indicates a time derivative
~ tilde over symbol indicates a time integral
* star superscript indicates radioactivity
® convolution operator
D absorbed dose averaged over a region
S mean absorbed dose per unit cumulated

activity

A(t) activity

A(ty, t;) cumulated activity (timeintegral of activity)

Aq total administered activity in a bolus

q(t) source distribution function (activity cor-
rected for physical decay)

A physical decay constant of nuclide

Ai biological disappearance constant

Fi(t) tracee amount in compartment i; compart-
ment i function for tracee

f:(t) tracer amount in compartment i; compart-
ment i function for tracer _

f*(1) radioactive tracer amount (activity) in

compartment i

1. INTRODUCTION

The general equations for dose calculations from in-
ternally distributed radionuclides, given in MIRD
Pamphlet 1, Revised (Ref. 1, Eqs. 2 and 4), can be com-
bined to yield

D) = § AiS(rie—m), (1)

where D(r.) is the average dose rate over a region k
from sources in regions h having activities Ap. S(rg 1)
is the mean absorbed dose in region k per unit cumu-
lated activity in region h.

The average dose D(r) in a region k for the time
interval t; to tz is given by (Ref. 1, Eq. 6)

Diry) = 3, 7\11(?21, to) S(ri'¢— 1), (2)
_ h
where

f * An(t)dt,

t1

Kh(t}, ta) =

fi*(ty, tz) cumulated tracer amount (time integral of
activity) in compartment i

Ti{t) fractional compartment i function for unit
impulse input

an(t) fractional distribution function in region
h for unit impulse input

T residence time

Zij tracee apparent rate constant, usually a
function of t and the Fi.(t)

ks tracer rate constant

U(t) input function into system {(or model)

u;(t) input function into the i-th compartment

by fraction of total input that enters compart-
ment i

R(t) response function

i fraction of compartment i seen in a response
Y{t) output function
ani identification coefficient (fraction of com-

partment i identified with region h)
t time

A distribution function qu(t) is defined through the
relation (Ref. 1, Eq. 25)

An(t) = qu(t)e™ (3

to give the activity of a source in a region h, corrected
for physical decay of the radionuclide.

A number of MIRD reports deal with the quantities
that relate to the S{rx < r1). Tables of S values for
various radionuclides are given in MIRD Pamphlet
No. 11 (2). The present report is devoted entirvely to
quantities that refate to the source distribution. func-
tions qu(t), the activities Ay(t), and the cumulated
activities Ay, (t, t2). To generate a broader base through
which the functions gu(t) and Ax(t) may be derived,
two additional functions are introduced: {;(t), describ-
ing tracer amounts in a compartmental model, and
(A}, the residence time of an administered substance
in a region.

In view of the use of labeled substances in a variety
of forms under various physiological conditions and
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modes of adrinistration, it becomes impractical to
generate tables of information describing the kinetics
for each of the many combinations that may arise. Tt
is therefore desirable to introduce a more general frame-
work and format for the presentation ‘of kinetic data
which may serve as a basis for a wide range of applica-
tions. This report attempts to construct such a frame-

work. Tt involves the use of mathematical models to -

describe in vivo kinetic patterns and processes. In such
models a common set of differential equations describes
dynamic systems in the steady and nonsteady states,
as well as small {e.g., tracer) and large (e.g., tracee*)
perturbations about these states. Changes in physio-
logical states due to abnormalities, drug action, and
radiation damage can be incorporated in the models
through appropriate changes in parameter values.
Thus, a model proposed for the prediction of the be-
havior of a tracer may be based on and supperted by
information derived from a variety of sources.

A substance introduced into a biological system
undergoes changes of state due to transport and chem-
ical reactions. Since detailed knowledge of the factors
affecting these processes is seldom available, the ob-
served kinetics are frequently modeled by simplified
constructs which lump the biological details into a refa-
tively small number of discrete states with transitions
between them. These constructs are referred to as Com-
partmental Models, each compartment representing an
apparent state of the substance. Given a mathematical
description for the model, one can calculate the amount
of substance in each of its compartments as a function
of time for an arbitrary input. When physiological
processes can be correlated with the model parameters,
changes in these processes can be represented by cor-
responding changes in model parameter values, and
predictions can be made as to how such changes will
affect the amounts of the substance in the compart-
ments. For an arbitrary compartment i, these quanti-
ties are designated as fi(t) for the tracer and Fi(t) for
substances in nontracer (tracee) amounts.

Since the compartments are lumped representations
of composite biological mechanisms (as viewed from
the kinetic behavior of a substance), a direct one-to-
one correspondence between compartments and ana-
tomical regions usually does not exist. Most commonly
a compartment is spread over a number of anatomical
regions. Since for the purpose of dosimetry it is neces-
sary to know the amounts of substance in body regions,
an identification must be established between com-
partments of a model and their anatomic whereahouts.
Hence, identification coefficients ap; are introduced to
relate a compartment i to a region h. Using such iden-
tification coefficients one can derive from a model the

* Tracee is a substance being traced (3).
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distribution functions gu(t) and activity functions
An(t).

In the sections that follow, a mathematical descrip-
tion of compartmental models is presented first from
a general point of view dealing with the tracee in steady
and nonsteady states. These equations are then re-
duced for the special but common cases of tracers in
steady- and nonsteady-state systems.

For the case of tracers in steady-state biological
systems, mathematical simplification and increased
predictive power can be gained by special transforma-
tions, such as convolution, These permit the deriva-
tion of new solutions from solutions previously derived
under different conditions, and the generation of uni-
versal response curves for substances having similar
distribution functions gu(t).

When direct observations of qu(t) or A;(t) are avail-
able, dose calculations can be made without the use of
kinetic models. Even in these situations, however, some
corrective factors are usually necessary. Use of a medel
to conceptualize such systems will set the framework
for the incorporation of new information and allow
predictions for a wider range of applications.

2. COMPARTMENTAL MODELS

2.1 General nonlinear model. A compartmental
model, as used here, is a mathematical construct that
describes the kinetics of a substance in terms of hypo-
thetical states (called compartments) and laws that
govern transition of the substance between the states.
In general, for a tracee substance such models can be
described by sets of ordinary nonlinear differential
equations (3-5). For n compartments they can take
the form

dF,(t
_—dl—il = —guF1(t) + guFa(t) +- -+ giFalt) + w(t)
dF;
T (0 + gaa®) + gD
44 gwFa(t) + wilt) (4

dF.

dt(t) = guiF1{t) + guaFa(t) +- -+ — guaFa(t) + ualt).
Where

F;(t) is the amount of substance in compartment i
at time t (grams, moles, fraction of administered
quantity, etc.). Tt is the solution of the differential
equations for compartment 1 and is referred to as
the compartment funciion.

gi; is the fraction of substance in compartment j
transferred to compartment i per unit time, the
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apparent rate constant. In general, g;; may be a
Junction of time 1, and of the F;(1).
gu is the total fractional loss from compartment i,

n
and by definition, gy = X gj;, where g is the
3
fractional loss to outside of the system.
ui(t) is the rate of input of substance to compart-
ment i from outside of the system.

When the gi; are functions of the solutions Fi(t),
the differential equations are nonlinear, and so are the
models they describe. When the g;; are functions of t,
the differential equations are linear and describe linear,
time-dependent models. In the special case when all
gi; are constant, as for tracers in steady-state systems,
the differential equations are known as linear-constant-
coefficient, and they describe time-invariant or con-
stant-parameter models,

When the input functions u;(t) are impulses at
t = 0, they correspond to the initial conditions for the
differential equations. In general, the input functions
may be a combination of impulses and time-dependent
functions,

In practice, the solutions Fi(t) of the general set of
differential equations 4 can only be given numerically
(or graphically) with the aid of computers. For special
cases, when the gy; are constant and the number of
compartments is small, analytic solutions (e.g., sums
of exponentials, power series, etc.) may be derived.
Numerical solutions may frequently be approximated
by analytic functions.

2.2 Tracer in steady-state systemns. A tracer intro-
duced into a steady-state biological system follows
linear kinetics with time-invariant parameters (4). In
terms of a compartmental model, this can be described
by a set of ordinary linear differential equations with
constant coefficients k;:

T S kafi() = ki) + i),

dt =

b
i=1,---,n (5)

where fi(t) is the amount of tracer in compartment i,
and the ki; are the rale constants. ky; is defined as the
total fractional loss from compartment i. When there
is a corresponding tracee Fi{t) for the tracer, the ky;
depend on the values of the gi; and the levels of the
tracee in the steady state.

For the case when the u;(t) are impulses or con-
stants, the solutions of the above set of differential
equations are most commonly sums of exponentials:

Ei(t) = 22 fieit, {6)
=1
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where the \; are the biological disappearance constants
and the fi; are constant coefficients. Solutions involving
powers of t and sine functions are also possible when
the matrix of the ki; has certain properties (multiple
and/or complex eigenvalues).

For a radioactive tracer, Eqs. 5 can be written in
terms of activity by adding a physical decay term to
each of the equations:

& n
T 3 k(1) — ke () — MH0) + uik(o),

bR

o (7)
Here the asterisk denetes the radioactive tracer, u*(t)
is its input function in terms of activity, and A is the
physical decay constant for the nuclide. While the
differential equations 7 can be solved directly for the
fi*(t), it can be shown that for u#(t) = u;(t)e> the
solution for a radioactive tracer can be expressed in
terms of the nonradicactive tracer solution:

£4(t) = fi(t) e ' (8)

i=1,--

Equations 7 can alse be used to obtain cumulated
activities f*(ty, t;) in any compartment i. For example,
multiplying through by dt, integrating over infinite
time, and rearranging terms, we get

(ki + NE*(0, ) — 2 kifi* (0, »)
e
= W0, w) + £4(0), (9)

where [i*(0, ) = [7 £#(1)dt, T*(0, ) = [ u*(t)dt,
and f7*(0) is the initial condition for compartment i
[i*{=) = 0].

Equations 9 are a set of n linear algebraic equations
which, when solved, vield the cumulated activities for
each of the compartments over infinite time.

i=1,,n,

2.3 Tracer in nonsteady-state systems. When the
biological system is not in a steady state, a tracer still
follows linear kinetics but with time-dependent param-
eters. Nonsteady states may occur when a biological
system undergoes changes due to external factors (e.g.,
diet), pathological factors, the administration of drugs,
or the administration of excess carrier levels of the
tracee substance. The compartmental models for such
systems can be described by the set of differential
equations

gglm@ = i ki.i(t)fj(t) — kii(t)fi(t) + wi(t),
g

i=1,.-,n, (10)

where the k;;(t) are time-dependent rate constants, In
the presence of tracee, the k;;(t) are functions of the
gij and F;(t) of the tracee as given by Eq. 4.

Except for special cases, there is no analytic solution
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for this set of equations. Sclutions can, however, readily
be obtained numerically with the aid of computers.

For a radioactive tracer, a solution in terms of ac-
tivity may be obtained by introducing the radioactive
decay of the nuclide directly in the differential equa-
tions
df*(t) .
T — 3 KO0 — k(820

“«© o3

— M) +u*(t), (11)

It can be shown that for u*(t) = w;(t)e ™ the solu-
tion for a radioactive tracer can be expressed in terms
of the nonradioactive tracer solution

fi#%(t) = fi(t)ee (12)

2.4 Nonlinear kinetics of radioactive substances,
Radioactivity sufficiently high to cause biological dam-
age can affect the kinetics of the labeled substance
(e.g., therapy levels of radioiodide). This results in
nonlinear kinetics and nonlinear differential equations.
In this case the physical decay of the radionuclide and
the damage function due to radiation must be included
in the differential equations directly. The equations can
take the form

* n _
W) _ S kst DY) — kalt, DYH(Y)
dt i=1
b
- 7\fl*(t) + ui*(t): 1 = 11 AP N

(13)

where the ki;(t, D) are functions of time (as for the
nonsteady-state tracer case) and the mean doses D in
the regions of the anatomical model. Damage functions
to relate the ki; to the mean doses D would have to be
established.

2.5 Definitions and schematics. In dealing with
kinetic models several terms are in frequent use. We
define these as follows:

An input function U(t) to a compartmental model
is defined as the sum of all the inputs to the individual
compartments:

Ut) = 2 w(t). (14)
i
When all u;{t} are constant relative to each other for
all values of t, each input u;(t) may be expressed as a
fraction of the total input

ui(t) = bU(t), (15)

where

Zbhi=1 (16)
The input to a compartmental model, when charac-
terized by a set of values for the by, is equivalent to a
mode of administration in the physiological system
being modeled.
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The response funciion R(t) of a compartmental model
is defined as a linear combination of the compartmental
functions. For the tracee

R(t) = 3 CiFi(t)
and for the tracer

R(t) = 22 Cidi(1), (17)
where the C, are the fractions of the compartments con-
tained in the response. An experimental observation is
a particular response, and under standardized condi-
tions it implies a particular set of fixed C; values.

The output function Y(t) of a compartmental model
is defined as the function describing irreversible loss
of substance from the model to the outside. For the
tracee

Y(t) = Z_:gani(t}
and for the tracer

Y(t) = 2 kafi(t). (18)
We use the following conventions for the schematic
representation of a compartmental model. A circle
represents a compartment. An arrow between com-
partments represents unidirectional transition from
one compartment to another and corresponds to a g
or ksj. An arrow without a designated ending or without
a designated starting point corresponds to a loss path
g6; or koj, or to an input u;(t), respectively. Initial con-
ditions are specified by an input arrow designated
fi(0). Thus, the tracer model shown in Fig. 1 generates
the differential equations for compartments j and i:

djéﬁ_t) = —kif;(t) 4 k() + w(t),
df(;it) = kyf;(t) — koifi(t) — k;ifi(t). (19)

When time-dependent or nonlinear kinetics are in-
volved, the functional dependence of the k;; or the gy
may be specified along the arrows, or separately,

3. MODEL IDENTIFICATION COEFFICIENTS

To relate the amount of substance in a compartment

uy{t) fi{0)

FIG. 1.

Compartmental model.
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to the amount of substance in an anatomical region
requires that a complete identification between the
two be established. Since the amount of substance pre-
dicted for a compartment of a model must be located
in one or more anatomical regions, we can define an
identification coefficient ay; as the fraction of the amount
of substance in compartment i that is localized in the
anatomical region h. Thus, for a radioactive tracer, the
activity function can be given by

An(t) = 3 anf*(t). {20)
To account fully for the contents of each compartment,
it is necessary that

2 an =1,
h

for all i. (21)

Depending on available information various models
may be proposed for the kinetics of a substance. For
each model there may be a different set of identifica-
tion coefficients ani. For a particular model, however,
the same set of identification coefficients applies to
both the tracer and tracee and holds for all modes of
input and all parameter perturbations. Ideally, if the
ap; are properly assigned, all models generated from a
set of data should—within the precision and resolution
of the data—yield the same values for An(t).

Similarly, for a radioactive tracer corrected for its
physical decay, the distribution function qn(t) can be
given by

an(t) = 2 afi(t), (22)
where f;(t) is expressed in activity units, but corrected
for physical decay of the nuclide. This suggests that
the meaning of q.(t) can be extended to include non-
radioactive tracers, in which case the units of q,(t)

are the same as those of £i(t).

4. RESIDENCE TIME

We define residence time 13 in a region h as the mean
time that an administered substance spends in that
region. It can be shown (6) that for a constant-param-
eter model or system the residence time is given by

[ o a, =)
i}
Ty = = y

f Utydt 00, »)

(23)

where U(t) is the rate of input of material into the
system and qu{t} is the amount of material in region
h as a function of time due to the input U(t).

We define, as was done in MIRD Pamphlet I, Revised
(1), a fractional distribution function an(t) as the dis-
tribution function resulting from a unit bolus input.
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Hence, using Eq. 23 we get

= f an(0)dt = @ (0, ). (24)
0

One can similarly define the residence time for a
radicactive nuclide in terms of the mean time of its
activity in a region. Since in addition to biological
disappearance there is also physical decay, the resi-
dence time for activity is a function of the physical
decay constant A as well, and can be written as

f " An(t)dt f Taedt  Aw(0, o)

7‘}1()\) = om = Ow = 1]
f U*(t)dt f C(t)e™dt  T*0, =)
] 0

(25)

where U*(t) is the rate of administration of activity
and T*(0, o) is the total administered activity.} Note
that for A = 0 Eq. 25 reduces to Eq. 23.

The residence time in region h is thus the cumulated
activity for infinite time in that region per unit ad-
ministered activity, and

Bu(0, @) = m{2) - U*(0, »)
[= m(A)-AL

If we define en*(t) as the activity in region h per
unit activity administered as a bolus at time t = 0,
we can rewrite Eq. 25 as

(26)

™(\) = fm a;.(t)e"‘.‘dt = fm ap*(t)dt = 3,*(0, ),
) 0

(27)

Using Eqs. 12, 22, and 27, the residence time can
also be given in terms of the compartment functions:

'rh(?\) Eahlft (0 °°) (28)

U*(O
In general, the residence time depends on the mode
of entry of the substance (oral, intravenous, etc.),
and on the physical decay of the nuclide. For a linear,
constant-parameter system every administered par-
ticle has a priori the same expected residence time in
a region, regardless of when it enters the system. 7, ())
is thus independent of the total administered activity
{*(0, =) or the time course of administration, and is
a continuous function of A. Hence, a plot of m, () vs. A
can serve as a universal curve for substances having
similar biological responses gn{t), but labeled with
different nuclides.

 When activity is administered in a bolus, U*(0, o) is equiv-
alent to the Ay used in MIRD Pamphlet I, Revised (1).
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The relations given above for residence times do #nof
apply to linear time-dependent or to nonlinear models
or systems.

Using Eqgs. 2 and 26, the dose to a region k for in-
finite time can be given as

D(ry) = U*(0, ») }h:n,()\) S{rce—ry).  (29)

5. CONVOLUTION

It is a property of a linear, constant-parameter sys-
tem that given the response w(t) to a unit impulse, the
response R(t) to any arbitrary input U(t) administered
in the same mode can be derived by use of the con-
volution integral (6):

R(t) = f U6)w(t — 8)ds

- ftU(t — 8)w(6)ds, (30)

where 6 is a duminy variable of integration. This is fre-
quently abbreviated as

R(t) = Ut ® w(t) = wit) ® U(t)

to mean the convolution of U(t) with w(t), or w(t)
with U(t). Convolution is commutative and distribu-
tive:

X®Y=Y®X,

X@Y4+2)=X®Y+X®Z

Some useful relations can readily be derived using
the convolution integral. For example, the response to
a constant input U, is proportional to the area under
the unit response curve:

(31)

t
R(t) = Uc[ w(8)ds; (32)
0
or the response to an exponential input Ce ¥ ig
t
R(t) = cf et — 6)d8. (33)
3]

For w(t) = e #, the response to an input U{t) =
Ce ™kt is

t
R(t) = e® @ Ce it = C [ g Ble—kit-8idg
b

e Ft . okt

(34)

It can be shown that the convolution integral applies
to the model functions fi(t), the distribution functions
qn(t), the activity functions Ap(t), and the cumulated
activities Au(ti, t2). Given any of the above response
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functions for a unit impulse input, the corresponding
functions for any other input can be calculated. Knowl-
edge of the model structure is not required to apply the
convolution technique. For example, let vi(t) be the
i-th compartment response function to a unit impulse
input to the system. The compartment solution f;(t)
due to an input U(t) is then

fi(t) = U(t) ® vi(t) (35)
and
qn(t) = Z anifi(t) = U(t) @ Z Lanyi(t)]
= U(t) ® an(t), (36)

where an(t) = 3 anryi(t} is the fractional distribution
function resulting from the unit impulse input into the
system.

Convolution is a powerful tool for predicting re-
spenses of subsystems when coupled to each other pro-
vided their individual responses are known. This is
particularly useful when a tracer nuclide of one metab-
olite enters metabolic pathways of another as a result
of catabolism. For example, iodinated albumin even-
tually loses its iodine as a result of catabolism and the
jodine then enters the iodide metabolic system. Enowl-
edge of the albumin and iodide subsystems individually
permits a prediction of their responses when coupled.
It is therefore useful to build up knowledge of small
subsystems for potential integration into larger coupled
systems,

It is important to recognize that the convolution
technique applies to inputs that follow identical entry
pathways, or modes of administration, i.e., there is a
commeon set of bi (Eq. 15) for all inputs. To predict
responses for different input pathways it is best to re-
vert to the model and to the differential equations de-
scribing it.

The convolution integral does not apply to linear
systems with time-dependent parameters or to non-
linear systems. In these cases it is necessary to deal with
the differential equations directly,

6. SIMPLITICATIONS

When the model is complex, time dependent, or non-
linear, an exact, simple analytic description of the com-
partment functions f;(t), the distribution functions
gn(t), and activities A,(t) is impossible. These func-
tions can be approximated, however, by simple analytic
functions, provided one is willing to accept some in-
accuracies in the doses to be calculated. For example,
one can appreximate numerical solutions to within a
desired precision by some minimal number of exponen-
tials. Critical in this approximation is the extrapola-
tive precision of the approximating function so that
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integration over any time interval including t = 0 and
t— oo will remain within the desired precision.

Another approach to simplification is the reduction
of a complex model to a simpler form by deleting or
combining compartments without significantly chang-
ing the responses or distribution functions of interest,
The simplified model can be simulated and the differ-
ences from the original model evaluated. An example
of this is the 4-compartment iodine kinetics model
shown in Appendix B, which is an approximation to a
13-compartment model discussed in the references of
the Appendix.

7. SUMMARY

There are a number of ways to present information
about radionuclide distributions In source regions.

1. Activity functions An(t) for each radionuclide
directly.

2. Metabolite or substance distribution functions
qu(t) (no physical decay).

3. Compartment functions f;(t) (with or without
physical decay of nuclide) with corresponding
identification coefficients ani.

4. Differential equations for a substance with identi-
fication coefficients ay; (with or without physical
decay of nuclide).

In practice, the activity in a source region may have

to be estimated for a variety of conditions.

1. Various radionuclide input functions.

2. Various input modes (pathways).

3. Use of substances with various labels,

4. Changes in system parameters due to abnormali-
ties.

5. Perturbations in system parameters due to drugs
or other treatments.

6. Use of radionuclides under nonsteady-state con-
ditions, to include large amounts of carrier.

7. Use of radionuclides for therapy.

PAMPHLET NO., 12 9

To provide the information necessary to estimate
radioactivity in source regions for the variety of con-
ditions cited and in a most compact form, the differ-
ential equation description is the most general. This
implies a model and requires a set of identification co-
efficients to relate compartments to anatomical source
regions. If the differential equation solutions are com-
plex functions, approximations may be introduced.
For each model the functions describing each of the
loss pathways and their identification as to the metab-
olite or substance lost and the anatomical site where
it takes place should be described. This permits the
coupling or convolution of subsystems.

Most useful are probably the residence-time func-
tions ta(A) for source regions since they permit easy
calculation of total absorbed doses for different input
functions and for various radioisotopes of an element
by simple integration.
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Appendix A. Example for Substance X

In this example we use a model for a very simple
case in which source organs are measured directly and
the compartments of the model correspond directly to
the source organs. Because of this, a number of the cal-
culated functions are repetitious. The example is for
1 wCi administered. Since the model is linear, the de-
rived distribution and activity functions are directly
proportional to the number of microcuries administered.

Assume that 1 gCi of a labeled substance X is intro-
duced into plasma, and let the fraction retained in
plasma, Rp, corrected for physical decay, be

— p—41.8t
RP = ¢ s

(A1)

where t is in days.

Assume also that the fraction of the administered
activity in the liver Ry, corrected for physical decay
is a sum of two exponentials

Ry = —1.33e48 4 1 33e-120 (A2)
and that fecal collections account for about two-thirds
of the injected material. Rp and Ry, are also plasma and
liver response functions, respectively,

The above data are compatible with the interpreta-
tion that X is initially contained in plasma, that it is
cleared by lver with a rate constant of 4.8/d, and that
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FIG, A-1. Model describing kinetic compartments for substance
X and corresponding anatomicat identifications.

X in the liver turns over at a rate of 1.2/d. Since two-
thirds of X appears in feces, it suggests that 2/3 X
1.2 = 0.8/d is cleared by the bile and that 1/3 X 1.2 =
0.4/d is degraded and the products (no longer sub-
stance X} are released back to plasma.

The model of Fig. A-1 incorporates these interpre-
tations and is quantitatively compatible with the data.
These are described by the set of differential equations

dfy (t) - =
dt —kaufi(t), £(0) =1,
df:i(tt) — k?lfl(t) — (kyp + koz) £2(t),

with output functions
Yi(t) = kasfa(t),
Y2(t) = k02f2(f.).

81(0) in Fig. A-1 represents a unit impulse input func-
tion at time t = 0. The compartment functions f,(f)
and fo(t) are the solution of the above differential
equations:

(1) = et

f(t) = 1,334 + 1,33¢12,

(A3)
(A4)

In this example the anatomic regions were measured
directly and the model compartment functions are the
distribution functions. Hence, the identification co-
efficients an; are either unity or zero, as shown in Table

A-1. This assignment of coefficients implies a “liver”
organ cxclusive of its vascular contents, which are con-
sidered part of the “plasma” organ.
The fractional distribution functions for plasma,
ap(t), and liver, ay (t), are
O:'P(t) = a?;f_{(t) + apgfg(t) = 6"4'“, (AS)
ap(t) = —1.33¢-48¢ . 133135, (A6)

The activity functions (Eq. 3) for a label having a
physical decay A are

Ap(t) = e-UEML

AL(t) = —~1.33e W8Nt | § 3312408,

(A7)
(A8}
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TABLE A-1. COMPARTMENT IDENTIFICATION
COEFFICIENTS (a,;), IN FRACTION

Compartment
i 1 2
Organ
h
Plasma L 0
Liver 0 1

The residence times (Eq. 27) are

A = f ) e ENEdL o days, A9
) = | s (A9
—133 133
E . A.
N = T i e (A10)

The residence time curves for plasma and liver as a
function of halftime of the nuclide are shown in Fig.
A2, '

Ta account for all the activity of a label, one must
include its fate after being lost from substance X. The
rate of loss of activity from the liver to the fecal path
is

Yi(t) e = kpf(t)e™ = — 107180t

+ 1.07e-02t (A11)
and the loss to the plasma as dégra.da.tion products is
Yo(t) e = kpfo(t) e = —0.53¢ @8+t

+ 0.53e-02t (A12)

I!!I anc IIDI ‘3\; 12ii 1!7[
100 1 |J| T ! 7 —A
50+ ~ —
SUBSTANCE X iy .
RESIDENCE TIMES ; Liver fr, ) n
z
3 -
=
Plasma {rp}
£ P
g
wr
(&3 -3
&
o
= -
w
©
o | 1 1 ! o
1 1 10 100 1000 "o
PHYSICAL HALF—LIFE (houss}
FIG. A-2. Residence times for substance X in liver and plasma

orgons following bolus injection inta plasma. "No biclogical dis-
cppearance” curve corresponds to extreme cose for which only
physical decay Is involved,
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We chose to neglect here the function related to the
fecal pathway Y:(t), and deal with the degradation
pathway Y,{(t) in Appendix C.

Since An(0, =) = 7(A)-U*(0, «), the value of
Aw(0, ) for a total administered activity U*(0, ) =

PAMPHLET NO, 12 11

1 uCi of labeled X can be obtained directly from Fig.
A-2. For example, for 1 (T, = 8.1 days = 194 h):

Ap(0, ©) = 7p-1 = 4.8 uCi-h,
AL(0, ©) = 71,1 = 18 4Ci-h.

Appendix B, lodine Kinetics

The iodine kinetics model for normal man presented
here is based on a model containing 13 compartments
(B1-B3). The latter is approximated by a four-com-
partment mode! which yields distribution functions
within about 5%, of the original model predictions. The
simplification included the deletion of some compart-
ments and pathways with appropriate modlﬁcatlon of
the values of some parameters.

This example only serves lo demonsirale concepls and
15 not lo be taken as an actual repori on iodine kinelics.

The model is shown in Fig. B-1. Compartment 1 is
extrathyroidal iodide, having a plasma equivalent
volume {(PEV) of about 25 1. Compartment 3 is extra-
thyroidal T; (trilodothyronine) with PEV = 351. Com-
partment 4 i§ extrathyroidal T, (thyroxine) with
PEV = 10 L. Compartment 2 is thyreidal iodine,
mostly in organic form.

Notes

1. ks = 0.1144/d was chosen to yield about a 59
peak thyroid uptake value after an iodide injec-
tion. For 159 peak iptake ky = 0.385/d; for 25%
peak uptake ky = 0.727/d.

'THyroID’

FECES

FIG. B-1.

lodine model

2. For hyperthyroids and for normals on low iodine
diets the value for ky can increase by as much as
a factor of 150. ki and ky; increase by a factor of
about 1.7 in hyperthyroids.

3. In nephrotics ko usually decreases.

4. Methimazole reduces the value of ke nearly to
zero, and increases ky, by a factor of about 3.

S. Perchlorate reduces the value of ky; nearly to zero.

From the above data and from literature informa-

TABLE B-1. COMPARTMENT leNTIF!CA'ﬁON
COEFFICIENTS (ay;)

Compartment |

Sovurce region h 1 2 3 4.
RBC 0.045 0.0126
Salivary glonds 0.05
Plasma 0.099 00612 0.245
Stomach 015
Gl 0.7 '
ECEY 0.423 0.824 0.336
Thyroid 1.00

6100 0419

Liver 0.063

1. The identificction coefficients for compartment 1 {jodide) were cbiained
from the MIRD task group report on iudine kinetics {in prepaoration),

2. The source region ‘liver' os defined here iIncludes its blood content,
esfimated as 10% of total body plasma and red cells; 10% of totel bady
extracellvior, extravascular (ECEV) aclivity are also assigned to it

3. The source regions 'RBC' {red bluod cells), ‘plasma,’ and 'ECEV' {extrg-
collular, extravaescular] are defined here as estimates for total body, less the
amount assigned to the region ‘liver.”

4, 'GI" includes jodide contribwlion only. The contribution from T4 in the GI
conten?s is not considered in this exemple,

TABLE B-2. IDENTIFICATION OF LOSS

PATHWAYS
Loss Metabolite Anotomical Fraction Funclion
pathway form route of describing
pathway loss
ko1 lodide Bledder 1. legafyft)
kos : Ty Gl contents 1. kosfalt)
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TABLE B-3. COMPARTMENT FUNCTIONS (t IN DAYS)
g hlit @0.58% o018t 001

Solutions

flt} 1.0 —-0.97 X110 —019 X 1078 0.354 X 1078

foft) —0.054 0.20 X 1079 0.054

(1) 0.70 X 10 —0,269 X 107 0,198 X 103

£4(8) 0,192 X103 —0.381 X102 0.362 X 1072
Losses

karf:lt) 2.0 —1.94 X 10 —0,38 X103 0,708 > 103

koafalt) 3.42 X106 —0.69 X 1078 0.65 X 107¢

Exemple for the use of Tuble B-3:
falt) = 1.0 o7 2118 . 0,97 X 074 e~0:56 — 0,19 X T0~3 a=~0-118¢ -+ 0,354 X 1079 ¢-0-0122t

tion, the compartments of the model are identified with  into plasma. The entries are the coefficients {fi;) for

source regions as shown in Table B-1. The loss path-

ways are identified in Table B-2.

Table B-3 is a summary for the compartment func-
tions derived by the solution of the differential equa-
tions describing the mode! for unit injection of iodide

TABLE B-4. METABOLITE DISTRIBUTION
FUNCTIONS q(t) {t IN DAYS)

ment functions,

the exponential components describing the compart-

The distribution functions ¢y (t) can be derived from
the compartment functions f;{t} by use of Eq. 22.
Using the values for an; and f;(t) given in Tables B-1

and B-3, respectively, one can approximate the gy (t)

function by the expenentials and coefficients given in
Table B-4.
Residence times are calculated from values given

in Table B-4 by the use of Eq. 25. These are given in
Sovurce . . g . .
region h am211L o t118t o-D01338 Table B-5 for some nuclides of iodine, Residence times
as a continuous function of A are given in Fig. B-2.
RBC 0.445 %1077  —0.933 X 1075 0,183 X 10—t The values for An{(0, =) for a total administered
Salivary
glands 050 X107 0100 X107t 0178 X 1074
i}ll IlmTc 1:0[ |xx] |2$[ li?[
Plasma 0,99 X1W0"L 0957 X107% 0935 X% 10~3 N — |
Stomuach 0,150 =—0.302 X107 0,533 X 10 1000 - \;é’-' -
5
Gl 0.170 —0.342 X 107 0.604 X 104 500 - & B
ECEY 0.423 —0.1 192 . —2 200+ —
N " o8 10 RESIDENCE TIMES Totel body
Thyroid ~ —0.543 X 1071 0.543 X 101 e R IODIDE
—
Liver 0.63 X100 —0.162 X102 0156 X107 | 3
£
Total body 0,945 0.55 X107t | & *f 7
oowr ECEV
Losses (rate)} g 5L _‘—H—*—"'—-—#_#__A _
[=] Liver
. : —
bladder 2,0 —0.38 X107t o708 x10® | T 2 7 Stomach
1= -]
T4 to Gi Salivary ]|=
contents 0,342 X 107%  —0.490 X 10 0.450 X 10—* B RBC
1. The distribution functions presented in this table are approximations 2 7
[within :3%) of the values derived from the model functions filt) ond the R 1 - | ! L1 Lo 1) |f |
identification coefficients. 1276 1002z 5 168 2 5 1w 2 5 1° 3 5 w
2. 'Total body' as a source region is the sum of all other sources listed in the <
table and Is thus redundant, . PHYSICAL HALF—LIFE thours)
3, Example for use of Table B-4:
Tgolt) = 0,170 e™2:11% — 0,342 ¢ 1074 g 0118t L 0,404 X FO~4 g-0.011 FIG. B-2, Residence times for iodine in varlous source organs,
foilowing bolus injection into plasma.
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TABLE B-5. RESIDENCE TIMES (HOURS)

Nuclide— 13 180 13 17 127
Tin — 23h 124 h 193.2 h 1440 h @
A — 0.301 h! 0.,0559 b1 0.00359 ! 0.0004B1 h™* 0
RBC 0114 0.309 0.486 0.521 0.537
Salivary glands 0129 0,347 0.549 0.581 0.599
Plasma 0,255 0.689 1.195. 1.85 2.63
Stomach 0.386 1.043 1.645 174 1.80
Gi 0.437 1.182 1.865 1.98 2,036
ECEY 1.088 295 4.83 6.00 7.31
Thyroid 0,040 0.584 12.52 521 98.1
Liver 0,162 0.439 0.875 1.93 3.22
Total body 2.61 7.55 23.9 640 110.7
Cumulated fosses (Fraction of injected ackivity)
To bladder 0.214 0.578 0,914 0.946 0.995
To Gl contents 0.005
1, Total body' a5 a seurce region is the sum of cll other sources listed in the table and Is thus redundant.

activity U*(0, =) can be obtained by the use of Eq. 26:
Au(0, ©) = m(A) - T*(0, ).
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Appendix C. Example for lodinated Substance X

- When substance X {see Appendix A) is labeled with
1odine, the kinetics of the iodine are identical to those
of substance X until the latter is degraded. Assuming
that iodide is released as X is degraded, the rate of
iodide release into plasma, according to Eq. Al2, for
A=0,1s

Ya(t) = kepfp(t) = —0.53 e8¢ 4 0,53 e~12

The distribution functions for the various organs of
interest due to this input alone can be obtained by the
convolution of Yo(t) with the distribution functions
obtained for a unit impulse of iodide as given in Table
B-4. For example, the generated distribution function
for the thyroid, qu(t}, due to the input Y»(t) is

qen(t) = (—0.53 e+5 - 0,53 e~12)
® (—0.054 721 4 0,054 e—0-032)

0.0289(— =44t . L)
® (— s o gromm),

[

(€D

Using Egs. 31 and 34, the results of the convolution
are

e—2.11b . e—4.8t e—0.0132t — 4.3t
t) = 0.0280
G (t) ( 48 — 211 4.8 — 0.0132
e——l.ﬂt _ e——2.11t 6—0.013% e e—l.ﬁt
T2 — 12 1.2 — 0.0132 )

= —{(.00471e~48 4 0.0425e 21t

— 0.0561e1% 4 0.0182¢0-032%,  {(2)

The derived distribution function for the thyroid is
plotted in Fig. C-1. To within a 5%, accuracy this func-
tion can be approximated by a smaller number of ex-
ponentials;

qun(t) & 0.0133¢39% — 0.0315e~09% 4 (.0182¢~0-0152,
(C3)

The total distribution functions for plasma and liver
due to labeled X are a combination of those due di-
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FIG. C-1. iodine uvptake by thyroid due to degrodation of
iodinated substance X.

rectly to the substance X (X» and X)) and those gen-
erated from the released iodide. For example, the total
distribution function for the liver is

qr(t) = (—1.33e48 4. 1.33e1.2)
+ [(—0.53e~4% + 0.53e-12)
@ (0.063¢7211 — 0.00162e-9118¢ - (,00156¢—0-0192¢) ],

(C4)

. The solation for the above is shown in Fig. C-2-by

the dotted circles and can be approximated by three
exponentials:

qr(t) A2 —1.45¢48 4 1.45¢-1-28 |- 00052700132+,
(cs)
The activity function for the liver, using Eq. 3, is

AL{t) AY — 1456~ @80t | 1 452008

+ 0.000527¢-0u2E (C6)
and the residence time 7, from Eq. 25 is
1.45 1.45 0.000527
A) = — .
N = et s Toom g 7

The function for r, (A} could also have been obtained
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FIG, C-2. 1Tctal iodine in liver (qu due 1o lodinated substance
X and its degradation producls_.

by the addition of contributions to the residence time
from the substance X directly and from its released
iodide. (Convolution leads directly to such a super-
position.) The total activity of iodide released by sub-
stance X can be obtained by integrating Eq. A12:

0.53

= Mt = —
| fn Va(erdt = — 2o 4

0.53
12427

(C8)

Letting 73 (A) be the liver residence time for sub-
stance X and ri()\) the liver residence ‘time for in-
jected iodide, we get

—0.53
n) = 50 + (52 4+

0.53
124 A

)»-rio\). (C9)

When U* (0, ©) is not unity, the value A, (0, =)
can be derived directly from 7 (A) by use of Eq. 26.



